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ABSTRACT. Fractional(nonlocal) diffusion equations replace the
integer-order derivatives in space and time by their fractional-order
analogues and they are used to model anomalous diffusion, espe-
cially in physics. This paper deals with a nonlocal inverse source
problem for a one dimensional space-time fractional diffusion equa-
tion 7u = —rP(—A)*?u(t, ) + f(z)h(t, z) where (t,z) € Qp =
(0,7) x Q and Q = (—1,1). At first we define and analyze the di-
rect problem for the space-time fractional diffusion equation. Later
we define the inverse source problem. Furthermore, we set up an
operator equation A, f(z)+0©(x) = f(x) and derive the relation be-
tween the solutions of the operator equation and the inverse source
problem. We also prove some important properties of the operator
A,.. By using these properties and analytic Fredholm theorem, we
prove that the inverse source problem is well-posed, i.e, f(¢,x) can
be determined uniquely and depends continuously on additional
data u(T, ),z € Q.

1. INTRODUCTION

In this paper, we consider an initial-boundary value problem for a
space-time fractional equation
o°
wUJ(t’ ZL’) = _TB<_A>Q/2u(t7 .T) + f(l’)h(t, LU), (ta I) € Qr,
(LD 9wt ~1) = u(t,1) =0, 0 <t < T,
u(0,2) =0,z € Q,

where Qr = (0,7) x Q, Q = (=1,1), r > 0 is a parameter, f(z) €
Ly(Q), h(t,x) € CY[0,T); L=(2)) are given functions, 8 € (0,1),
a € (1,2) are fractional order of the time and the space derivatives
respectively and 7" > 0 is a final time.

Key words and phrases. Fractional derivative; Fractional Laplacian; Inverse
Source problem; Mittag-Leffler function.
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The fractional-time derivative considered here is the Caputo frac-
tional derivative of order 0 < f < 1 and is defined by

O’ f(t) 1 /t af(r) dr

(1.2) o TTU=P) )y or -1

where [ is the Gamma function. This was intended to properly handle
initial values [3, 4, 6], since its Laplace transform(LT) s° f(s)—s7~1 f(0)
incorporates the initial value in the same way as the first derivative.
Here, f(s) is the usual Laplace transform. It is well-known that the
Caputo derivative has a continuous spectrum [4], with eigenfunctions
given in terms of the Mittag-LefHler function

e
Zk

Eb(z)::: f?ii;7§E5.

k=0

In fact, it is easy to see that, f(t) = Ez(—At?) solves the eigenvalue
equation

9 f(t)
5 = M), f(0)=1
for any A > 0. This is easily verified by differentiating term-by-term

I'(p+1)
———~ for
I'(p+1-5)
p>0and 0 < 8 < 1.0 < 8 <1 is taken for slow diffusion, and
is related to the parameter specifying the large-time behavior of the
waiting-time distribution function, see [I3] and some of the references
cited therein.

For 0 < a < 2,(—A)*?u denotes the fractional Laplacian of u. It
turns out that it is easier to define it by using the spectral decompo-
sition of the Laplace operator: We take {j\kﬂﬁk} the eigenvalues and
corresponding eigenvectors of the Laplacian operator in ) with Dirich-
let boundary conditions on 0f2 :

and using the fact that t” has Caputo derivative t*~?

—Athp = Ny, in Q,
Yr =0, on 0.

We then define the operator (—A)*/? by

(—0)u =" () = — Y ey P(x),
k=0 k=0

which maps H{ () onto L*().
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If fis C'—function on [0,00) satisfying |f'(t)] < Ct*"! for some
97 f(t)

oth
all t > 0 and the derivative is continuous in ¢ > 0. Kilbas et al [I]
and Podlubny [I3] can be referred for further properties of the Caputo
derivative.

In the term f(x)h(t,z) models a source term, and it is im-
portant to determine f(x) for realizing observation data. That is to
say our main goal in this paper is: Let r > 0 be fixed. Determine
u(t,r) = u(r, f)(t,z) and f(z) for t € (0,T) and z € Q) satisfying
and

v > 0, then by 1} the Caputo derivative of f exists for

(1.3) u(T,z) = ¢(x), x €l

This inverse problem is by final overdetermining data. We prove that
the inverse problem is well-posed in the sense of Hadamard except for
a finite set of » > 0. Our main tools are the representation formula
of the solution to , the theory of analytic perturbation of linear
operators(see e.g. [8]) and the uniqueness in the inverse problem
1.3). For similar studies one can refer to [15], [16], [I7] and some of the
references cited therein. The main difference from these studies is that
the current study includes both space and time fractional derivatives.

This paper is organized as follows: In the next section formulation of
the direct and inverse problems along with their analyses are presented.
Section [3] includes some properties of the operator A, and the final
section of the paper includes both the statement and the proof of the
main result of the paper.

2. FORMULATIONS AND ANALYSES OF THE DIRECT AND INVERSE
PROBLEMS

In this section, we define the direct and the inverse source problems.
For given inputs (5, «, f(x) and h(t,z), the problem is called
the direct (forward) problem. Throughout this paper, we assume the
following condition on h(t, x)

(2.1) |MT,z)| > 6> 0,2 € Q.

Like most direct problems of the mathematical physics, the problem
(1.1]) is well-posed, see the very recent interesting paper [10] for details.



4 S. TATAR AND S. ULUSOY

The formal solution to the direct problem ([1.1)) is given in the form
(see [12] for details)

(2.2)
u(t,z) = g < /O t TﬁlEﬁ,ﬁ(—AnrﬁTﬁ)< F@)h(t—r, x),wn(x)>d7'> (),

where )\, = (Xn)a/ 2, A, and {9, },>1 are eigenvalues and eigenvectors

of the classical Laplace operator —A respectively, i.e, —Aw, = \,,.
2_2
nm

" hence An = (7)0‘ with ¥, (z) =
sin <?) when n is even and v, (x) = cos (”2ﬂ> when n is odd.

(-, -) denotes the standard inner product on L*(Q) and E, g(z) is the
generalized Mittag-Leffler function defined as follows

A simple calculation yields A, =

00
Zk

Eop5(2) = m

k=0

,z € C,

where a > 0 and § € R are arbitrary constants, I' is the Gamma
function. We note that {\,},>; is a sequence of positive numbers
0 <A <X < -, {t,}u>1 is an orthonormal basis for Ly(€). Tt
is proved in [12] that is the generalized solution to the problem
that can be interpreted as the solution in the classical sense under
certain additional conditions. For practical use in latter sections, if we
use the substitution 7* =t — 7 (later replace 7* by 7) in (2.2)), we get
the following useful formula for the solution of

u(t,z) =Y ( /0 (t—71)" " B p( — \rP(t — 7)P)

< F@r, ), (o) i ) o).

The following theorems indicate some important properties of the
Mittag-Leffler function, (see the formula (1.83) and Theorem 1.6 in [13]
respectively) which provide technical convenience in ensuing theorems
ahead.

(2.3)

Lemma 2.1. If o < 2, 8 is arbitrary real number, p is such that
-5 <H< min{ra, 7}, p < |arg(z)| < m, and Cy is a real constant,

then
Co

E, 3(2)] < .
Eas()] <
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Lemma 2.2. The following equality holds for A > 0, a« > 0 and m € N

dm

dtm

Now we show that the series on the right-hand side of is con-

vergent uniformly in z € Q and ¢t € (0,7]. By using Theorem 2.1,

Cauchy-Schwarz inequality, the analytical formula of v, (x), the as-

sumption f € Lg, boundedness of the function h(t,z), and the sub-

stitution 7 = ¢(1 — s) in the integral appearing at the third step we
get

(24)
>

n=1

anl<_)\ta) = _)\ta_mEa,a—m—i-l(_)\ta), t>0.

R G T} ¢n<x>>df) bula)

0

[e.e]

¢ -1
<oy | [ S
/t (t— 7)1 gr
o L+ \B(t—1)8
N /l —86_1tﬁ ds
o L+ \rPshth
P a

—ay
. . a b
Next we apply Young’s inequality ab < — + — to the numerator
p

[e.9]

Sclz

n=1

n=1
q
1+ M\r?sPtP with a = (1 — u)_(l_”), b= ()\nTﬁsﬁt'B)u,u_“y P=1_,
—u
1
g = —and p € (0,1) to arrive
i
(2.5) C(p) (Anrﬁsﬁtﬁ)“ <14 M\rPs?,

where C(p) = (1 — )=~ p=*. Therefore we have

o0 1 $B—148 i 8 L gp-1
2.6 —————ds| < ds|.
(2:6) nz:l /0 1+ \,rBs5th ' - nz:l C(p) (AarPtr)" /0 sBr

Since p € (0,1) and 8 > 0, the integral appearing at the right hand
side of (2.6]) is always convergent. Thus there exist a constant Cy > 0
so that the following holds

| [t s th = 1
2.7 ——ds| < C .
(27) Zl /0 1+ ArPs5tP 5‘— 20(u)(rt)6u;(An)u
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By A\, = (%T) and p € (0,1) for the series in 1) to be convergent

a must satisfy ap > 1 so that we must have o > 1 (we take a € (1,2)).
By (2.4), we conclude that the series on the right-hand side of (2.3 is
convergent uniformly in x € Q and ¢ € (0,7].

In the proof of Theorem 2.4, we employ Young’s inequality for con-
volutions. For the sake of the completeness we recall it here in the form
we need.

1
Lemma 2.3. [2] Suppose that f is in L,(0,00), g is in L,(0,00), — +
p
1 1
—=—+1withl <pandq,r <oo. Then
q r

1f *gll, < M7 llg]l,

t
where fx*g is convolution of f and g, i.e, (f*g)(t) = / f(r)g(t—r)dr.
0

Now we prove the following theorem which will be useful for the
proof of the main result of the paper.

Theorem 2.1. Let f(z) € Ly(Q), h(t,x) € C([0,T]; L=(2)). Then
there exists a unique weak solution of the problem such that u €

o8
Ly(0,7T5 Hy () and 5 € Ly((0,T) x Q). Moreover, there exists a
constant C' such that the following inequality holds

(2.8) HUHLQ(O,T;H@‘(Q)) + HaquLQ((o,T)xQ) < CHfHLz(Q)'

Before the proof of this theorem, we recall the fractional Sobolev
space

(2.9) HE(Q) := {u = Zan@/)n : ||uHi{g = Zai/_\g < +oo},
n=1 n=1

with the following equivalence
(2.10) el s = 1(=2) % ul] 1

Proof. The existence and uniqueness of the weak solution can be
established following the arguments in [4], [12] and [I5]. So we only

prove (2.3).
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By using Theorem 2.1, Theorem 2.2 and Ezp(—n) > 0,0< g < 1

we have
n n
|10 Bt - / B 5(-At?)

(2.11) :__/ s (= At

)\ (1_Eﬁ1( AnT) ))

Following [13],(pp. 140) by means of the Laplace transform we see that
(2.12)

5
%/0 <f<x>h(77 x), wn($)>(t — 1) B p(— AP (t — 7)%)dr

= [ Fr ), (0) Yt =) B (= (e 7))
+(fahit,o).va(0) )

From Theorem 2.3, - and - we have
(2. 13

H ot < (T o), w”(x)>(t =) B (= At (t = 7)P)dr

L2(0,T)
<af (rontan@)| vol (e, m)
L2(0,T) L (0,T)
Antﬁ_lEﬁwB( - Anrﬁtﬁ) S CE) <f($)h(t> $)a ¢n(x)>
L1(0,T) L(0,T)
By using and the assumption h(t,z) € C*([0, T]; L>=(Q)), we get
(2.14)
3_5 i h t—7)!
5 atﬁ( [ < ({72, b))t =)

X E@B(—)\nrﬁ(t—T) )

< CGHHinQ(Q)

By (2.10
the proof.

t<C'5

dt

||

) < C’7HfHL2(Q). This Complet(;

, we see also HUHLQ(O,T;HS‘(Q
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Next we define the inverse problem. The inverse problem here consists
of determining the pair of the unknown functions < u(t,z), f (x)} in

the space-time fractional diffusion problem from the final overde-
termining data (also called additional condition or measured output
data) , for the given function h(t, z), the orders of time and space
derivatives 3, a and a fixed r > 0, that is, the problem (L.IJ), is
called the inverse problem.

Now we reformulate the inverse problem. For this purpose, we define
the following operator equation

(2.15) A, f(x) +0O(z) = f(x),
where A,(f) : Ly(Q) — L*(Q), A.(f) and O(z) defined by
o8
—U(T’, f)(T7 ZL’) B( A2
_ otf _ P (AYEp)(x)

respectively. Here we denote u = u(r, f) to emphasize the dependence
of the solution u(t,x) of to both > 0 and f(x). The following
lemma indicates the relationship between the operator equation ([2.15))
and the inverse problem (L.1)), (1.3)).

Lemma 2.4. Let I C (0,00) and r € I be fized. Then the operator
equation has a solution (a unique solution) f € Lo(Q2) if and only
if the inverse problem , has a solution (a unique solution)

{utrp). 1} € 0. 738310 = 1a(0).

Proof. First, suppose that the operator equation has a so-
lution f € Lo(2). Then if we substitute this f(x) into the one di-
mensional space-time fractional diffusion equation, we have a unique
solution u(r, f) to (L.1]), see [15]. Now we show that the function u(r, f)
satisfies the additional condition ([1.3)). For this purpose, let’s assume
that

w(T,x) =pi(x), x€q.

Since u € Ly(0,T; H§(S2)), we have ¢1(z) € HS(2). By (2.15), we
conclude that —r?(—A)*/? (p; — @) = 0. Since the Fractional Lapla-
cian operator is invertible, r # 0 and ¢(z) — ¢(x) = 0,2 € Q we
get (1) = ¢1(x), * € Q. The converse of the assertion is directly
seen in rewriting the space-time fractional diffusion equation in (2.15)).

The uniqueness part of the Lemma is a direct result of the unique
solvability of the problem (|1.1)) and the first part of the Lemma .
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O

The next section is devoted to show some important properties of
the operator A,, defined by (2.16). These properties with Lemma

will be used to prove the main result of the paper.
3. SOME PROPERTIES OF THE OPERATOR A,

This section is devoted to state and prove some properties of the
operator A, which are useful tools for a certain answer to the question
of the unique solvability of the inverse problem ([1.1]), (L.3)).

Theorem 3.1. For v € I, the operator A, : L*(Q) — L*(Q) is a
compact operator.

Proof. By (2.2)) we have

(3.1)
aﬁ

=3 ([ B = da (= )l ) ).

By Theorem 2.2 and integration by parts we have
(3.2)

/Ot Tﬁ—lEg,g(—AanTB)<f(x)h(t —T,1), 1/1n(x)>dr

_ /Ot <f(x)h(t - m),1/zn(x)>dii ( _ ﬁEﬁ( - /\nrﬂT'B)>dT

— s (it nlo) ) = (0.0, 000 ) Eal — Aurs?))

1 t 0
- - — Ea — B8\ dr.
+)\n7”5/0 <f(93)87_h(t T,:E),wn(x)> 5(— A7) dr
If we substitute in , we get
(3.3)
o° -

grrut.0) = 3 ({ F@n0.0), 600 Bl = A1) (0

B ([ (s@1gmnte = 700t ) Bal = 2 )t
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Consequently, by using (2.9 . ), Cauhy-Schwarz inequality and Par-
seval’s identity we obtam

(3.4)
‘ g—;u(T, 7) :g(m _ 2 Ao (<f<x>h<o,:c>, wn<x>>Eﬁ( = Xar?T7)

n=1

[ (conttr=r) /T << gh@,@,w»p}
+ 51

< Cg{Hf(x) 0,90

< Croll F(@)II7, 0

Since HS(f) is compactly embedded in L*(Q2), see [ ] and [I1§], the
operator h(T,x)A,f is compact. Flnally by using , we conclude
that the operator A, : L*(Q) — L*(2) is compact. ThlS completes the
proof. 0

Theorem 3.2. A,.f : [ — L*(Q), defined by (-) is real analytic in
r € I for arbitrarily fived f € L*(52).

Proof. We use the last theorem on page 65 of [7]. To show the real
analyticity in r € I for u(r, f) := u(r), it is enough to prove the fol-
lowing
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o°
(a) wu(r) eC™ (O,oo;LQ(Q)
<Mn™mlformeN, reJ:=

an [ 9
(b) ' W(wwr)(ﬂ x>) .
(70, Ro] C I, M >0 and n > 0.

By (3.4) and the compact embedding, we have

< M.
L2 ()

pY.
|sua)

By and CZﬂ—n:nEg( —ArP7P) = —X\rP P Eg g (— AP

we have

(3.5)

%(g; > z:: << M0, ), Y (z )>(_>‘n)rﬁ_mTﬁEﬁ,ﬂ—m+l( — Ar?T7)
- /OT <f(x)é%h(T —T,1), ¢n($)>(—)\n)rﬁ_mTﬁE@g_mH( — )\nrﬁTﬁ)dT) U ().

Therefore we obtain
(3.6)

dam [ o° 2 - 2 28—2mB Cu ’
i ()., =2 { (om0 i) oo ()

+ ( /0 ' < f(:z)a%h(T — 7 :v),wn(x)>2Air”‘2mdf) ( /OT ™ (HS%YM) }

20121 2,.—2m
< 20 @O0,y + T Ay < M

where M? = 20121{\\f(a: (0, HL2 +T||f hHL2 or XQ)}. Finally,

by (2.1)) and (2.16)) we conclude that

< M§ g™
La(Q)

The proof is completed.

Theorem 3.3. There exists a constant 0 < C(r) < 1 such that

(3.7) A fllz20) < Cr)[1f]lz2(e)
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where R* < r and R* > 0 is a large number.

Proof. By ({2.1)), Theorem 2.1 and (3.3]) we have

(3.8)
‘ G

=i () (onoa )

Now we estimate /; and I,. For I; we have

2
Chy

59) < ot F@h0.0), 00 (0))

For I; we have

(3.10)

I < /OT <f(x)a%h(T -7, :v),wn(m)>2d7 /OT (Eﬁ( — /\nTBT’B))QdT

2 1-g T 2
s T <f(x)3h<T—T,x),wn(x)> ir.

)\17’6 1-— 6 0 or
If we substitute (3.9) and (3.10) in (3.8) and use Parseval’s identity,
we get
(3.11)
2
HATf
C? 1 1 75
<3 (Az el O o+ 11— 5100l orean ) 11
s
For large r > 0, I3 < 1. This completes the proof. O

The following corollary is obtained directly by Theorem 3.3.

Corollary 3.1. 1 is not an eigenvalue of the operator A, for large
r > 0.
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4. PROOF OF THE MAIN RESULT

In the proof of the main result of the paper, we will use the Analytic
Fredholm Theorem. For the sake of the completeness we recall it here,
(see page 266, Theorem 8.92 in [14]).

Theorem 4.1. (Analytic Fredholm Theorem) Let G C C be a domain
and L be a bounded linear operator on G. If L is real analytic on G and

the operator L(X\) is compact for each A\ € G then either ([ — L()\))fl

does not exist for any A € G or (I — L()\))_l exists for every A € G\ S
where S is a discrete set in G.

Now we are ready to state and prove the main result of the paper.

Theorem 4.2. There exists a finite set S C I such that forr € I\ S
and ¢ € H{(Q), the inverse problem (L.1]), has a unique solution.

Moreover there exists a constant C1o > 0 such that

(4.1) HfHL2(Q) + HUHLQ(O,T;H{)’(Q)) + Hatﬁu”LQ(O,T;LQ(Q)) < Ol?HSDHHg(Q)'

Proof. If we use Corollary 3.1 and apply Theorem 3.4 to the operator

A,, we see that the first alternative can not occur that is, (I — Ar)_l
exists for every A € '\ S where S is a discrete set in I. By Lemma 2.1,
we conclude that the inverse problem (|1.1)), ([1.3]) is uniquely solvable.

By , and Theorem 3.3, we also conclude
(4.2) 1£1] 20 < Crzlll] o -

(4.2) with (2.8) implies (4.1). The proof is completed. O
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