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1. Introduction

The coupled models find numerous practical applications, for example the flow of blood in arteries, diffusion and
dispersion of pollutants in water, the flow with heat transfer in porous media, etc. These coupled problems involve several
partial differential equations such as the Navier-Stokes equations, the Stokes equations, the Darcy’s law in porous region and
the free surface Navier-Stokes equations, [ 1-4]. The flow inside a deformable tube can be modeled using the linear elasticity
equations coupled with the Navier-Stokes equations.

In this paper, we focus on a model for a liquid such as water flowing on a homogeneous porous ground, where the
instationary Darcy and Stokes equations are coupled via appropriate matching conditions on the interface. This kind of
problem is studied in [5] for the stationary case.

One important issue in the coupled Darcy-Stokes flow is the treatment of the interface condition, where the Stokes fluid
meets the porous medium.

[3,6-14] considered a formulation based on the Beaver-Joseph-Saffman interface conditions, which was experimentally
derived by Beavers and Joseph in [15]. For these Darcy-Stokes equations, the following interface conditions have been
extensively studied and used in literature see [3,11] and [ 16, Sec. 4.5]

Ulg, -n=1ulg -n and —plgn=viulg —plgn onlx]0,T[, (M)

the first and the second interface conditions ensure the mass conservation and the continuity of forces, respectively, across
the interface I". However, in [8] the interface conditions refer to mass conservation, balance of normal forces in addition
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to the Beavers-Joseph-Saffman law, which yields the introduction of the trace of the porous media pressure as a suitable
Lagrange multiplier.

Various numerical methods, such as finite element methods, mixed methods, discontinuous Galerkin methods and
combinations of these methods, have been studied in the literature. For instance, finite element methods were studied
in [3] and finite element methods coupled with mixed methods have been analyzed in [11]. Primal discontinuous Galerkin
methods using broken Sobolev spaces are analyzed in [12], and they are coupled with mixed methods in [13].

The stability of the numerical methods for the evolutionary Stokes-Darcy problem was analyzed in different previous
works see [17-19]. For example, [ 19] proposed an approach consisting of four methods that uncouple each time step into
separate Stokes flow problem and Darcy flow problem, one is a parallel uncoupling method, while the three others uncouple
sequentially. In [17] a second order and unconditionally stable method for the unsteady Stokes-Darcy problem is proposed.
This method uncouples the surface from the groundwater flow by using the implicit-explicit combination of the Crank-
Nicolson and Leapfrog methods for the discretization in time.

The basic discretization of this problem relies on the backward Euler scheme with respect to the time variable and on finite
elements with respect to the space variables. The space discretization that we propose relies on the mortar element method,
a domain decomposition technique introduced in [20] and [21]. We use a subdomain for the fluid and another one for the
porous medium. On each subdomain, we consider a finite element discretization, relying on standard finite elements both for
the Stokes problem and the Darcy equations. For the Stokes problem we use the Bernardi-Raugel finite element introduced
in[22] and analyzed in [23] and for the Darcy problem we use the Raviart-Thomas finite element, see [24]. Besides, in [8] the
same finite elements are employed for the Stokes and the Darcy domains, whereas the Lagrange multiplier on the interface
is approximated by continuous piecewise linear elements.

Other choices of finite elements are possible. Indeed, the Raviart-Thomas element is the simplest div-conforming element
and the Bernardi-Raugel element is the less expensive H!-conforming finite element for the Stokes problem.

The a priori analysis of this problem has been recently published, see [25]. The aim of the present paper is to extend the
investigation to the a posteriori analysis.

Several works have been done concerning the a posteriori analysis of parabolic type problems. Part of it (¢f. [26-28])
deals only with the space discretization and provides appropriate error indicators for it. Another idea see [29-31], consists
in establishing a full time and space variational formulation of the continuous problem and using a discontinuous Galerkin
method for the discretization with respect to all variables. In this work, we follow a different approach that uncouples as
much as possible the time and space errors, according to an idea presented in [32]. We introduce two different types of error
indicators, one for the time discretization and other for the space discretization, and we prove upper and lower bounds for
the error.

An outline of the paper is as follows:

e Section 2 is devoted to the description of the continuous, the time semi-discrete and the fully discrete problems. We recall
their main properties and some standard a priori estimates.

e In Section 3, we perform the a posteriori analysis of the time discretization.

e In Section 4, three families of error indicators, related to the error on §2p, £2r and I, respectively, are proposed and the a
posteriori analysis of the discrete problem is achieved.

o The adaptivity strategy is presented in Section 5.

2. The continuous, semi-discrete and discrete problems

The mortar element method has been used for handling curved boundaries. In order to avoid the techniques required for
the treatment of the curved boundaries, we assume that the domain §2 is a polygonal in dimension (d = 2) or a polyhedral
in dimension (d = 3) divided into two connected open sets §2p and §2r with Lipschitz-continuous boundaries, where the
indices P and F stand for porous and fluid, respectively. Let T > 0 be a finite time. The fluid that we consider is viscous and
incompressible and is governed by the Stokes equations:
oy —vAu—+gradp = f in $£2rx]0,T[,
divu =0 in $£rx]0, T[, (2)
u(x, 0) = u’(x) in 2 at t=0.

The porous medium is assumed to be rigid and saturated with the fluid, and governed by the Darcy equations:

ot + au+gradp = f in £2px]0,TJ,

divu=0 in 2px]0, T, (3)
u(x, 0) = u’(x) in £ at t=0.

In problems (2) and (3) the unknowns are the velocity u and the pressure p of the fluid; the data are the distribution
f which represents the external force and the initial velocity u®, while the parameters v and « are positive constants,
representing the viscosity of the fluid and the ratio of this viscosity to the permeability of the medium, respectively. We
assume that « is a constant on £2p, which implies that the porous medium is homogeneous, see [33] and [34]. Concerning
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Fig. 1. Two examples of two-dimensional domains £2.

the boundary conditions, as illustrated in Fig. 1 (d = 2), we denote by I, the upper edge (d = 2) or face (d = 3) of £2, where
the index a means in contact with the atmosphere. Let I';p = I;N082p, and Igp = ;N2 Weset [p = (02N 02p)\ Iyp,
and I'r = (052 N 382) \ T4 Let n the unit outward normal vector to £2 and also to §2p on 3£2p. We provide the previous
partial differential equations (2) and (3) with the conditions

u-n=k onlpx]0,T[ and p=ps onlypx]0,T[, (4)

u=g onlrx]0,T[ and vo,u—pn=t, onlyx]0,T[. (5)

On 982 \ I, these conditions are Dirichlet type, on I';p the pressure is equal to the atmospheric pressure p,, on I4r the
variations of the free surface at the top of the flow are neglected in the model, thus t, depends on the atmospheric pressure
and the wind on the river. However, see [35, Sec. 1.4], when I'yp = I';r = ¢, the flux condition fl‘p (g-n)(t)dr +pr k(z)dr =
0, is necessary both mathematically and due to the physics of the problem.

Let I" denotes the interface d£2p N d£2¢. On I" we consider the matching conditions (1).

2.1. Variational formulation

Let H(div, £2) denotes the space of functions v in L?(§2)¢ such that div(v) belongs to L*(£2). H(div, £2) is Hilbert space for
the scalar product associated with the following norm
1
ol 2) = (101 + NiV()IZ g

In all that follows, for any t,0 < t < T, and any separable Banach space X provided with the norm ||-||x, we denote by
12(0, t; X) the space of measurable functions v from (0, t) in X such that

t 1
2
ol = ([ 106,01 de)” < o
0

For any positive integer m, we introduce the space H™(0, t; X) of functions in L(0, t; X) such that all their time derivatives
of order < m belong to L%(0, t; X) and equipped with the norm

t t 1
2
oo = ([ I de+ [ o, o dr)”.
0 0

We also use the space C°(0, t; X) of continuous functions v from [0, t]in X. Let (-, -) stands for the scalar product on [*(£2)
or [*(2)%
Finally, we introduce the variational spaces

X(2) = {v e H(div; 2); vl € H'(2F)'},

Xo(2)={veX(R2); v-n=0onlpandv=0o0nIF}.
Both of them are Hilbert spaces equipped with the norm
2 2 1
lvllxe) = (”v”H(div;_QP) + ”v”Hl(QF)d)Z'
For convenience, throughout this paper, we will use the notation x < y to denote that x < cy, where c is a positive
constant.

Remark 1. We know that the normal trace operator v — v - n is defined and continuous from H(div; £2) into H ’%(89)
see [36, Chap. I, Thm. 2.4]. Moreover, for any part I"* of 02 with positive measure, the normal trace on I"* of a function v
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1
in H(div; £2) makes sense m HOO(F*) note in addition that H’%(F*) is imbedded in Hg(I"™*)'. We refer to [37, Chap I, Sec.
11], for the definition of HOO(F*) as the space of functions in H2 2 (I'"'*) such that their extension by zero belongs to H 2 } (0£2).

Assume that the data
1
f e 1%(0, T; Xo(82)), Pa € IX(0, T; HE(Tup)), k € 120, T; H™2(Ip)),
t, € [2(0, T; H™2 (I )'), g € [2(0, T; H2(I%)%) and u° € X(£2).

It can be checked that problem (2) to (1) admits the variational formulation:
Find u € L%(0, T; X(£2)) N C%(0, T; L*(£2)*) and p € L?(0, T; L3(£2)) such that

u(-,0)=u’ ing, (7)
such that, forae.t, 0 <t <T
u(-,t)-n=k(-t) onIp,
u(-,t)=g(.t) on I,
and such that, fora.e.t, 0 <t <T,
Vv € Xo(£2), (0:u, v) + a(u, v) + b(v, p) = £(-, t)(v),
Vg e 13(2), bu,q)=0,

where a(u, v) = ag, (4, v) + ag,(u, v),

ago.(u, v) = v/ Vu(x, t) : Vu(x)dx, ag,(u,v) :cx/ u(x, t) - v(x)dx,
QF 2p

b(v, q) = / divo(x) g(x) dx,

and /fxt dx—/ (v-n)(t)pqx, t)(T)dT

/ o(7) - tal, £)() dr. (10)
Tar

It is readily checked that a(-, -) is continuous on X(§2) x X(£2), while the bilinear form b(-, -) is continuous on X(§2) x L*(£2);
its kernel
V(2) = {v € Xo(2); ¥q € L*(£2), b(v, q) = 0},

coincides with the space of functions in Xy(£2) which are divergence-free on 2.

Assumption 1. We assume that:
(i) either I'r has a positive measure in 9 £2F,
(ii) or the normal vector n(x) runs through a basis of R? when x runs through I".

Recalling the main results concerning this problem, see [25] and also ([5, Lems 2.5 and 2.6]) which are proven:
(i) If Assumption 1 is satisfied, then the following ellipticity property holds for o, = min(v, o)

Yo e V(R2), o lvl}e) S v, v), (11)

where, see the proof in [5, Lem 2.5]

[N

Vo eV(®) Ivlixe) S (1910 + 10Erg ) - (12)
(ii) There exists a constant 8 > 0 such that
b(v, q)
vq € 1X(R2), > Bllallzg) - (13)

vexo(@) 1Vlx2)

To study this problem, we will take t, = k = g = 0 which is not fully unlikely from a physical point of view, and assume
the following:

1
f e X0, T; I3(22)"), pa € L*(0, T; H3(Iwp)), and u° € Xo(£2). (14)
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A new varliational formulation equivalent to problem (7)-(8)-(9) was found in [25] when t, = 0. For this, since p, €
L[%(0, T; Hg(Iwp)), there exists a lifting p, € L*(0, T; H'(£2)) such that p, = 0 on 92 \ I';p and

||pa ||L2(0,T;H1(~Q)) S ”pa”LZ(O,T;HO%O(Fap)) ’ (15)
We set: p, = p — Pq, where p.|,, = 0. We observe that problem (7)-(8)-(9) is equivalent to the following:
Find u € [%(0, T; Xo(£2)) N CY(0, T; L2(£2)%) and p,, € L*(0, T; [*(£2)) such that,
u(-,0)=u’ ing, (16)
and forae.t,0 <t <T,
Vv € Xo($2), (0w, v) + a(u, v) + b(w, p,) = L(-, t)(v), (17)
vqel* (),  bu,q)=0,
where
1 00) = [ fln 0y st)dn— [ Tt 0)- o). (18)
2 2

Furthermore, the following existence and stability results are derived from [25, Sect. 2.2, Thm. 3].

Theorem 1. If Assumption 1 holds, in the case t, = k = g = 0 and for any data (f, p,, u°) satisfying (14), problem (7)- (8)-(9)
has a unique solution

u € I%(0, T; X(£2)) N €0, T; [3(£2)?) and p € [%(0, T; [*(£2))
such that

lull o, 7209y + 10l 20 7:x52)) + 1PNi20,7:12(02))

S W lh20,e:2(2y) + IPall 1 + llul-, 0)llx(e) - (19)
12(0,t:Heg(Iap))

2.2. The time semi-discrete problem

In order to describe the time discretization of problem (2) to (1) with an adaptive choice of local time steps, we introduce
a partition of the interval [0, T] into subintervals [t;,_1, t;], 1 <n < N,suchthat0 =ty < t; < --- < ty = T. We denote by
T, the length t, — t,_1, by T the N-tuple (1, 13, - - - , Tv), and by |t | the maximum of the t,, 1 < n < N. For any data (f, p,
k, t;, g, up) satisfying

1
f €0, T; Xo(2)), pa € C°(0, T; HA(Iwp)), k € C°(0, T; H™2(Ip)),
t, € C°0, T: H2(Iu)'), g € %0, T; H2(IF)) and u° € X(£2).

The semi-discrete problem constructed from the backward Euler scheme applied to the variational formulation (7)-(8)-
(9)is:
Find (4")o<n<n, in (X(£2))V*1 and (p")1<n<y in (LZ(Q))” such that

(20)

w =u(-,0) in £, (21)

such that, foralln,1 <n <N,

u"-n=k" on Ip, u"=g" on I}, (22)
and, foralln,1 <n <N,

Yo € Xo(£2), (", v) + ta(u®, v) + T,b(v, p") = (W'Y, v) + 1,L" (),

vq € *(2), b(u", q) =0,

where k" = k(-, t;), 8" = g(-, ta). f* = (-, ta) 8] = to(-, ta), P = Pal-, ta) and L£(v) = L(-, t,)(v) (£ is defined in (10)).

When t, = 0, a new variational formulation equivalent to problem (21)-(22)-(23) was found in [25, Sect. 3.1]. Here,
similar than previous, we assume that £, = k = g = 0 and we will find a new variational formulation which is equivalent
to problem (21)-(22)-(23). For this we use P! = pq(-, t,) € H'(£2) defined in (15) such that

(23)

A ”H(,%(rup)' (24)
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We set: pi = p" — p. We observe that problem (21)-(22)-(23) is equivalent to the following:
Find ((")o<nen. (P1)1zn=n) € (Xo(2)VF! x (L2(£2))" such that

u’ =u(-,0) in £, (25)
Yo € Xo(£2), (" —u""!, v) + ra(u”, v) + (v, p) = T,L"(v),
Vgel*(2), b",q)=0

where, L"(v) = L(-, t;)(v) = (f", v) — (VpL, v) (L is defined in (18)).
To conclude, we recall the following regularity property of the solution of problem (21)-(22)-(23) see [25, Sect. 3.1,
Props 1, 2 and 3].

Proposition 1. In the case t;, = k = g = 0 and for any data (f, p,, u°) satisfying (20), problem (21)-(22)-(23) has a unique
solution (u™")o<p<y in (X(2)N " and (p")1<n<v in (LZ(Q))N such that

n 1
(Hun HfZ(g)d + oy Z Tm ”"m ”)2((9)) ! IS ”uo HX(.Q)

m=1
1

+ *(Zrm(ilfm||md+||pa Py ))

and

[N

2
2(e)d + o " ”Lz(ﬂ))

1 1 \7 /v 2 2
5 ﬁ ”“0 me) + (1 + W) (; T'"(”fm HXO(.Q)’ + ”pam ”H%(Fap)))

Nj—=

2.3. The time and space discrete problem

We now describe the space discretization of problem (21)-(22)-(23). Foreachn,0 < n < N, we introduce regular families
(7;’;),1,, and (7’ )y Of trlangulatlons of £2p and $2f, respectively, by closed triangles (d = 2) or tetrahedra (d = 3) also we
denote by Ty, the union of 77 and As usual, hyp stands for the maximum of the diameters of the elements of 7. e Tnr for
the maximum of the dlameters of the elements of TF and h, = max {h,p, hyr}. We assume as in [5] that:

e For each h,p, £2p is the union of all elements of and for each h,r, 2F is the union of all elements ofT

e The intersection of two different elements of 7 1f not empty, is a vertex or a whole edge or a whole face of both of them,
and the same property holds for the intersection of two different elements of Tth

o The ratio of the diameter hi of any element K of 771’; or 7;57 to the diameter of its inscribed circle or sphere is smaller than
a constant o independent of hp, hg, n, and K.

Assumption 2. The intersection of each element K of 7, P with either I'gp or I'p or T, if not empty, is a vertex or a whole
edge or a whole face of K. The intersection of each element K of T F with either I'g or I'r or I, if not empty, is a vertex or
a whole edge or a whole face of K.

It must be noted that, up to now, no assumption is made on the intersection of the elements of 7,5, and 7,5,. Sothe K N I",

K € 7}, and the K N I", K € 7, form two independent triangulations of I, that we denote by £;" and £/;"", respectively.
However, we are led to make another assumption.

Assumption 3. For element K of 7 the number of elements K’ of T, such that 9K N 9K’ has a positive (d-1)-measure is
bounded independently of K, hp and hp.

Remark 2. Let K be any element of 7751 which has an edge (d = 2) or a face (d = 3) e contained in I". Assumption 3 yields
that e is contained in the union of edges or faces e;, 1 < i < I, of elements K; of 7., where I is bounded independently of K
and h.

From now on, P,(K) denote the space of restriction to K of polynomials on R¢, with degree < ¢.
We now define the local discrete spaces. On £2p, we introduce the following discrete space which is constructed from the
Raviart-Thomas element RT(K) see [24]:

X, = {vn € H(div; 2p); YK € Th, v, € RTo(K)} ,
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where
RTo(K) = Po(K)? + x Po(K).

Indeed, it is the simplest and less expensive element which is conforming in the domain of divergence operator, so that we
use it on £2p.
We define the space

Xgnh = {Uh Ex,fh; vy N = Ooan},

We introduce the Raviart-Thomas operator H,th , see [24, Sec. 3] and also [38, Sec. 1.3], for its three-dimensional analogue:
For any smooth enough function v on 2p, I8 v belongs to X", and satisfies on all edges (d = 2) or faces (d = 3) e of elements
of 7,1

f(n,f,fv-n)(r)dr = /(v-n)(t)dr.

The fact that these equations define the operator /78 in a unique way and its main properties are proved in [24, Thm. 3], in
the two-dimensional case. This operator preserves the nullity of the normal trace on I'p (this requires Assumption 2).

On £2¢, we introduce the following discrete space which is constructed from the Bernardi-Raugel finite element Pgr(K)
see [23], which is the less expensive element and when associated with the space of piecewise constant pressures, leads to
an optimal inf-sup condition on 2.

Xfy = {vn € H'(2F) VK € T, vn|, € Per(K)}
Per(K) = P1(K)* @ Span{yen,}**",
where for each edge (d = 2) or face (d = 3) e of K, ¥/, denoted the bubble function on e equal to the product of the barycentric

coordinates associated with the endpoints or vertices of e, and n, stands for the unit outward normal vector on e. We also
need the space

Xun = {Uh eXh; vy = Ooan}.

We introduce the Bernardi-Raugel operator denoted by H,f}’f:

For any continuous function v on £2F, the quantity I'[,f,fv belongs to X,fh and is defined in a unique way, (see [23, Lemma
I.1]) by

v = v(a),
/(n,?,fv.n)(r)dr = /(v-n)(r)dt,

where a any vertex and e all edges (d = 2) or faces (d = 3) of elements of 7.
Now for simplicity we consider the operator IT,:
For any smooth enough function v on £2p which is continuous on $2¢, [Ty is equal to I75¥v on 2 and to ITXv on £25.
We define the discrete space of pressures as

M = {an € L3(82); YK € Tan, an,, € Po(K)} -

Remark 3. In dimension d = 2, piecewise quadratic velocities can also be used on £2r and in dimension d = 3, Pgr(K) can
be replaced by the space spanned by affine functions and the v, up to the power d.

On I', we define the space see [34, Sec. 3]
Won = [<,0h el (I'); Veeeh", (Ph’e € Po(e)} .
The global spaces of velocity are then the spaces X,,;, and Xg,, of functions vy such that
o their restrictions vy, to £2p belongs to X}, and X, respectively;

o their restrictions vy, to £2¢ belongs to X}, and X{,, respectively;
o the following matching conditions hold on I" see [39] and [21, Sec. 4]

Von € Wan, /((vmgp — vhlg,) - W) @(r)dT = 0, (27)
r

These conditions are not sufficient to enforce the continuity of v, - n through I', so that the discretization is nonconforming:
For instance, Xy is not contained in H(div, £2). However, the spaces X, and Xop, are still equipped with the norm |[|-||xg).

To discretize the boundary conditions that appear in (22), we denote by kj the piecewise constant approximation of
k™ = k(-, t,) defined by

1

VK € 77,51/ mes(1< N Fp) >0, kml(ﬂl"p = m/ kn('C)dT,
KNIp
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Note that this choice requires that k* = k(-, t,) belongs to c°(0, T; H°(£2)), 0 < % We also introduce an approximation of
g" =g = (-, t,): When g" is continuous on I"r (which is slightly stronger than the hypothesis made in (6)), the function g
approximation of g" belongs to the trace space of X,fh and satisfies:

For eachK € 7jfh, g/ (a) = g"(a) for each endpoint or vertex @ of K N I, and

/ (g;?-n)(r)dr=f (g" - n)(t)dr.
KNIF

KNIy

These conditions define k; and g;' in a unique way, see [24, Rem. 3] and [23, Lem. IL.1].
Now, we can write the fully discrete problem constructed from problem (21)-(22)-(23) by the Galerkin method. For this,
we assume that the data

1
F ec®0,T; 1(22)"), k e c®0, T; H?(Ip)), pa € C°(0, T; H3(Iup))s

g € C%0, T: HF (IF)), t, € CO(0, T; H™2(Iye)), (28)

1 d—1

op > ==, 0F > and u° € X(2).

Then the discrete problem reads:
Find (U] )o<n<n in (Xpn)V ™! and (p!)1<n<n in (Mn)Y such that
u) = Mopu® in 2, (29)

such that, foralln, 1 <n <N,

ul.n=k onlp, and u} =g! onlF, (30)

Yon € Xonn, (U], vn) + Toa(ufl, vn) + Tub(vh, p}) = (U ", vn) + T L"(Vh), (31)

Yqn € My,  b(uy, gn) = 0.
Recalling the main results concerning this problem, see [25] and also [5, Lems. 3.11 and 3.13] which are proven:
(i) If I'r has a positive measure in 0 £2f, then the following property holds for o, = min(«x, v) > 0

Vo € Van, o [0nl30) < alvn, vn). (32)
(ii) There exists a positive constant 3, independent of h, such that

b(vn, qn)
Van € Mpy,  sup ————— > B llqull;2o) - (33)
vnexom 10nllx(2)

Let also introduce the discrete kernel:
Vin = {vn € Xopn; Yqn € My, b(vp, qn) = 0}. (34)

The functions in V,;;, are divergence-free only on £2p.

Analogous to previous and in the case t, = k = g = 0, we will find a new variational formulation which is equivalent to
problem (29)-(30)-(31).

For this, we set: p}, = pp — ph,, where p}, is a piecewise constant, approximation of p} (introduced in (24)), satisfies
Phn, = Py on I'yp and vanishes on 942 \ Iyp.

This leads to consider the problem:

Find (i Jo<nen in (Xoun)' ™" and (p,)1<nsy in (M), satisfying

u) = Mopu® in £, (35)

and such that, for 1 <n <N,

Vo, € Xonn, (U — ", vp) + Taa(u}l, vy) + Tub(n, pl) = Tal"(v1),
Y qn € My, b(uy, qp) =0, (36)

where, L"(v) = L(-, t;)(v) = (f", v) — (Vp}, v) (L is defined in (18)).
The following existence and stability results can be derived from [25, Sec. 3.3, Thm. 4].

Theorem 2. Assume that I'r has a positive measure in 382 and t, = k = g = 0. Then, for any data (f, p,, u°) satisfying (28),
problem (29)-(30)-(31) has a unique solution (u}, pj) such that

up Xy, 0<n<N, and pj €My, 1<n<N.
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Moreover, this solution satisfies

n 1
(”"L1 ”fZ(:z)d + o Z T |1ty “)2((:2)) " s ”HOhuO”X(Q)
m=1

[T

1 L 2 2
" \/7(,; U g + P2 ||H0%0(1"up))) ' G7)

3. A posteriori analysis of the time discretization

For the time discretization, we define the following time error indicator and prove upper and lower bounds for the error.
Foreachn,1 <n <N,

1
o\ 2 1
M = (?) |y — uy ”x(m' (38)
We refer to [40] for the first idea of this type of indicators and to [32] for its use in the a posteriori analysis of the heat
equation.

Let u, denotes the function which is continuous, affine on each interval [t,_1, t;], 1 < n < N, which take in the interval
[ta—1, tn] the values
t—th— t, —t
u(t) = — " — ") " = -
Tn Tn

(un _ un—l) + un’

and p, denotes the piecewise constant function such that
Vn, 1 <n <N, Vt€]t,_1,t], pr(t) = p(tn)c

All this leads to the following residual equation in variational form: Since the solution of problem (16)-(17) is divergence-
free, the solutions of problems (16)-(17) and (25)-(26) verify for t in ]t,_1, t,]

(u—u.)(-,0)=0 ins2, (39)

Yv e XO(Q)v (at(u - ur), v) + a(u — U, v) + b(v, P« — H‘rp*r)
= (L(-, £) = L")(v) — a(u, —u", v), (40)

vq € [3(2), bu—u,,q)=0,

where 1, denotes the operator which associates with any continuous function v € [0, T], the constant function IT, v equal
to v(t,) on each interval ]t,_1, t;], 1 < n < N. Let the regularity parameter
Tn

o; = Mmax s
1=n=N Tp_q

where we have set 7y = 1 for the sake of simplicity.
3.1. The reliability of the indicator

Proposition 2. The following a posteriori error estimate holds, for 1 <n <N,

2 2
”(u - u‘[)('v tn)”LZ(Q)d + o ”u —u; ”LZ(OInQX(-Q))

1 n n
S G DU RAIER ) DL R i} ay
* m=1 m=0
where

&b = If = Mef 2o oz + I — Meball®
o L2(0,tn:HA (Tap))

Proof. Taking v = u — u, in the first equation of (40) and q = p, — I1.p.. in the second equation, we obtain

d 2 2 1 2 2
a ”u - ur”,_z(g)d + [o2% ||ll - ur”x(_q) S OT*(”“L' - Hrur”x(g) + ”f - Hrf”LZ(_Q)d
+ lIpa — Hzpa||2 1 )-

Hozo(ral’)
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Integrating this inequality between 0 and ¢, yields
”(u_u‘r)("tn)”fZ(_Q)d +a* ”u uT”LzOt X(2)

< (e = Ml o)+ €2)

*
To evaluate the first term in the right-hand side, we observe that, on the interval ]t,_1, t;],
ty —t

(u, — Iu )(t) = — - (" —u™ .

Thus by integrating this equation between t,_; and t, and using the fact that z, = t, — t,_1, we obtain

e — et lloge, y eixce) = (L—;)i Ju" ="y gy -

On the other hand, the triangle inequality and the expression of the error indicator (38) yield

1 1
T\ 2 _ ™\ 2
(En)z ”un —u' 1”xm) = (%)2 ”un - ulrv1 ||x(9) + 7
1
Tn\ 2 _ -
+ (EH)Z ”"2 t—u ]”X(.Q)'

Thus we obtain
1

Tn 2
e — Mot N2,y eixe) < (3) " — il g +

1
n (Tn:;l)Z(o_T)% ”uzq _ "n_lnxm)'

Summing over n with 1 < n < N the square of this inequality, we obtain

n n
e — T g iy S D2+ (10 Y o [0 — [ o

m=1 m=0

Finally by substituting (44) in (42) we obtain the desired a posteriori error estimate. O

Proposition 3. The following a posteriori error estimate holds, for 1 < n < N,

I e e+ 10 =80 0l
SannHlJrof)Zrmllu — |} TR
m=1 m=0

Proof. We take v equal to d;(u — u.) in (40) and apply the Cauchy-Schwarz inequality we obtain

1 ad vd
5 e — ) g +o S o 1= el 0+ 5 dt| — el o
< ”f - Hrf”,_z(g)d + ”pa - rpa” 1 + ”ul' - Hrur”x(g) .
HE(Tap)

Integrating between 0 and t,,, using the fact that o, = min(«, v) and (u — u.)(0) = 0, yield
”at(u - uT)”iZ(O tn; LZ(.Q d) + [o2% ”(u - ul’)(" tn)”fz(g)d

2
5 6D + ”u‘f H ul’ ||L2(0f X(R2) "

Finally, by substituting (44) in this estimate, we obtain the desired estimate. O

Proposition 4. The following a posteriori error estimate holds, for 1 < n <N,
_l n n
2
1P = Tepelig iz < (24 22 ) (2o o+ (1400 Y o [0 — )+ €B)-
* om=1 m=0

Proof. From Eq. (40) we have

Vv € Xo(£2), b(v, px — I psr) = (L(, t) — L")(v) — (3:(u — u; ), v) — a(u — u,, v) — a(u, —u", v).

349

(43)

(45)
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The Cauchy-Schwarz inequality and the inf-sup (13) condition yield

||P* - Hrp*r ”LZ(Q) 5 |Lf - nrf”]_z(:z)d + ”pa - Hrpa” 1
Hgo(I'ap)
+ [0, (u — ur)”LZ(Q)d + = ullxe) + llu, — MMy e -

Integrating between 0 and t, we obtain

2

2 2
”p* - Hrp*r ||L2(0,fn;L2(S2)) 5 6D + ”u - u‘f ”Hl(O,tn;Lz(.Q)d)

5 2
ol = el ey F I8e = TTetellizg gxcay -

Finally from (41), (44), (45), the fact that p, = p — pq, p} = p" — pj and the triangle inequality we obtain the desired a
posteriori estimate. O

Corollary 1. The following a posteriori error estimate holds, for 1 <n <N,

2 2 2
”u — U ”H](O,tn;Lz(Q)d) + [o2% ”u — U ”LZ(O.tn;X(.Q)) + ”p - Hrpr ”LZ(O,tn;LZ(Q))
1 1 n n 5
< o o 2 2 m __ m
S (3 + o + a*>(€D + ,,12:; N + r;)tm(l +oo) |um —uf HX(Q))' (46)

The last term in (46) and (41), will be evaluated afterward.

3.2. The efficiency of the indicator

We now establish the upper bound for each indicator #,.

Proposition 5. Each indicator n,, for 1 < n < N, defined in (38) satisfies the following bound

n

1
S (o) Y " — w5 )2

m=n—1

1
+ o ( ”f - Hrf||L2(tn71,t,,;L2(9)d) + ”pa - Hrpa” 1
*

12(tn—1.ta:H(Fap)

+ Ml — el 2oy + 18— Bl noxe)

+ 1P = ITepe lli2ge,_y ti1202)) )
Proof. Thanks to the triangle inequality, we have

1 1
T\ 2 Tn\ 2
m=(3)" 10 —u g+ (5)° It = u e,

1
Tn— 2 1
+ ( n3l)2(“f)7 Jumt —up

"N
then,

n

1
T S (L—;)% ”"n - u1171me) +(1+ \/07)( Z Tm ”um — uy Hi(g))z'

m=n—1
In order to bound the first term, we take v = u" — u,(t) in the first line of (40). This gives

t;
n 2 ‘l
/t " —uo)8) ) 95 < a(”f = Tef 2,y 22y

n—1

+ |lpa — M- pall 1 + |lu —u, ”H1(t 1t 2(2)4)
12t 1.ts HE(Tap)) S

+ [lu— ur”]_l([nq,tn;x(g)) + Ipx — I psr ||L2(tn71,[n;1_2(9))>

(=95, ds)°

th1
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or equivalently, from (43)

1
(%) ’ ||un n ]||X(Q) (llf 17'E.f||L2 (tn—1,tn; LZ(Q)d)

+ Ipa — pall 1 + llu—u [ 120y
a tFa P(tatusH (Tap) THH(ty—1,tn; L2(£2)7)

+ = v lli2g, yixcey + 1P = MePac iz, si2ce) )

The fact that p, = p — p,, pi = p" — pj and the triangle inequality give the desired result. O

4. A posteriori analysis of the space discretization

In order to describe the family of space error indicators, we need some notations.
For each n and each K in 7,5, we introduce

o & the set of edges (d = 2) or faces (d = 3) of K which are not contained in 9£2p,
o &% the set of edges (d = 2) or faces (d = 3) of K which are contained in I gp.

For each n and each K in TF , we introduce
e & the set of edges (d = 2) or faces (d = 3) of K which are not contained in 92,
S“F the set of edges (d = 2) or faces (d = 3) of K Wthh are contained in I gr.

For each n and each e in any of the & and also in Sn (Enh is defined in Section 2.3), we agree to denote by [-], the jump
through e (making its sign precise is not necessary). We also denote by h, the length (d = 2) or diameter (d = 3) of e.

We need a further notation for some global sets

5;),’1’ is the set of edges or faces of elements of 7 which are contained in I"gp.

e &, is the set of all other edges or faces ofelements of 7-

W1th each element K of T and each edge e of K, we assoc1ate the quantities yx and y, equal to 1if K or e, respectively,
intersects I" \ I'r and to zero otherw1se.

We introduce the space Z,;, of functions in L?(£2)¢ such that their restrictions to each K in 7;,’; orin 7, Fh is constant.
Similarly, we denote by ZF, the space of functions in L?(I;r)? such that their restriction to each e in €5, K € 7y, is constant.
Indeed, we consider an approximation f;' of the data f" = f(-, t,) in Z;, and an approximation £}, of t = &4(-, t;;) in Zﬁh.

Finally, assuming that the datum p? = p,(-, t,,) is continuous on I"gp, we define py, as the function which is affine on each
ein S,‘@P, K e 7;,’;, and equal to p}(a) at all endpoints (d = 2) or vertices (d = 3) a of these e.

The error indicators are now defined by analogy with the stationary problem, see ([5, Sect. 5]).

e Foreachn,1 <n < N, and for each K in Tm’ the error indicator n,’}” is defined by

n__ an—1 1
e [ | IR SUSA [7:34 1
n 2(Kd  eegg
+ Z h |pah ph ||L2(e (47)
eeS,‘}P

e Foreachn, 1 <n < N, and for each K in 7, the error indicator ny F is defined by

u! —yt !
= e g B + vAuj + | diva HLZ (K)
n LZ(K)d
N 1_
+ Z he ™" || (vdaug — ppnle e + Z he™" g, — vonup + P 2 ()
ec&y eceff

e Foreachn, 1 <n < N,and foreach ein £;", the error indicator ;""" is defined by

nh ’
_1
e = [ (phm)l g, + (o — pim)lg, [ 2 e + e * |10} - e 2,y - (49)

Remark 4. These indicators are easy to compute once the discrete solution (uy, pj) is known and they are all of residual
type. Moreover the second term in the /" comes from the nonconformity of the discretization.

4.1. The residual equation

The function u" — u}; does not belong to Xo(£2) and even not to X(£2), so that the idea consists in building a conforming
approximation of u}, namely an approximation which belongs to X(£2) (see [34, Lem. 5.4] for a similar argument and [41]
for a general analysis in a different context).
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V/

Fig. 2. Illustration of Assumption 4.

We are led to make a further assumption, which is now standard in the a posteriori analysis of mortar element
discretizations (and is stronger than Assumption 3). Let us recall that E,f,;r and Eg,f are defined in Section 2.3.

Assumption 4. Each element e of 55{ is the union of a finite number of elements of 8,’:,’1F , where “finite” means bounded
independently of hp and hf (see Fig. 2).

Lemma 1. If Assumption 4 holds, then (see [5, Lem. 5.3]), there exists a finite element function u;" € X($2) satisfying
wy".n=0 onlp, u;"=0 onlf,
and
1
_ 2 \2
[ = w7y = (D0 B i me ) (50)
eeé‘r’:,;r

For a different reason, mainly due to the lack of regularity of the normal trace of functions in H(div, §2p), we also need an
approximation pi" of p! in H'(£2p). The construction of such a function is standard, see [42, Thm. 4.7].

Lemma 2. There exists a finite element function p;" equal to py on £2¢ and to py, on I'yp such that pi"|g, € H(£2p) and satisfies

1
95 = By = (D2 b 183y + D e [ = Phl ) (51)
eesﬁh essr‘fﬁ
1
3y = (30 1 BRI+ 3 1" ot~ pil ) 52)
eesr’:h eeEﬁ}j
and
1
”pﬂ }LZ (ry~ (Z he ||[ph]e||L2(e)+ Z he ”pah ph||L2(e)>2' (53)
eeEY': eeé?r‘l’P

Proof. We will construct py" satisfying the properties stated in the lemma. For this let V,’.,’h the set of all vertices a of all
elements K € 7,7, and defme P;"|q, as the function which is affine on each K € 7, such that

pgh(a) Va € Vi, N Tep,

pi'le, = X phlk(@)

VYa e VP \ Top,
nb(a) an \ e

where nb(a) is the number of all vertices a € Vr’:h \ I'gp. Then estimates (52) and (53) are derived by exactly the same
arguments as in [42, Thm. 4.7] and [34, Lem. 5.4]. O

Lemma 3. For all v € Xo($2), there exists a function vy € Xopn N Xo(£2), such that (support(vy)) C 2r, VK € T and all edges
(d =2)orfaces(d =3)e €K,

—“1(3-%)

—1(1-yk)
" o — w2 + he v = vallze < llonllyicay) - (54)

where A is the union of the elements of T, that intersects K.
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Proof. Vv € Xy(£2), we associate the function

Ryv on £,
vy =
0 on £2p,

where R, stands for the modified Clément operator with values in piecewise affine functions which vanish on I U I,
see for instance respectively [43, Sect. IX.3, Chap. IX, Sect 3.], for a detailed definition of such an operator and the local
approximation properties of the operator Ry,. This gives the desired result. O

We are now in position to write the residual equation.
When t, = k = g = 0, we observe that (u", p") solution of problem (21)-(22)-(23) now belongs to Xo(£2) x L*(£2) and
L"(v) = L(-, ty)(v) (£ is defined in (10)) satisfies

L, t)v) = f f'(x,t) - v(x)dx — / (v-n)(t)py(x, t)(7)dr.
2 Ip

When setting U = (u", p"), U, = (uf,pp) and Uy = (u;", p;"), then U — Uy = (u" — ui", p" — py") now belongs to
Xo(£2) x [*(£2) and from the first equation of (23), we obtain

YV = (v, q) € Xo(£2) x L[*(£2),

(un _ ugn) _ (unfl _ uﬁn—l)

a(" —up", v) + b(v, p" — p;") + b(u" — u;", q) + ( , )
Tn
usn — u<>n—1
— —a(u™, v)— b(w. 5" — b, ) — (B ) 4 )
n
Let v, the approximation of v exhibited in Lemma 3, then
u" —uth) — un—l _ uon—l
AW’ — ", v)+ (v, p" — pi) + bl — ugt, q)+ (L HO W 2 )
Tn
u —uth) — unfl _ uonfl
=a(u£—uﬁ”,v)+b(u};‘—u§",q)+(( A ) 5’1 h ),v)
n
(uﬁ — “2_1) n n n on n
- (ri, v) + £"(v — vy) + £"(vy) — a(u, v) — b(v, p§") — b(u}, q).
n
By using the first equation of (31) we obtain
u' — ) — (w1 — uonfl
AW’ — ", v)+ (v, p" — pi) + bl — ugt, q) + (MW Z )
Tn
ut —uth) — unfl _ uon—l
=a(u2—uﬁ",v)+b(u2—u;§",q)+(( h ) — h ),v)
Tn
(uf —ul™")

+ £"v — ) — ( . v — vy) — a(uy, v — ) — b(u}, q) + b(vh, pj) — b(v, pp").

Tn

Notting that b(vy, p} —pi") = —(divon, p} —pi")e
on $2f, then

> — (divog, pj —p;y") e, using the fact that (support(v,)) C $£2F and p;" = pj,

b(vy, py — p") = 0.

Therefore,
n __ gony _ (qqn—1 _ on—1
alu® _uon,v)_'_b(v’ n__ <>11)_+_b(url_u<>1’l7 )+((u uh ) (u uh ),v)
( h p" —py n o -
n
u —uth) — un—l _u<>n—1
— a(u — u", ) + bla — 7, q) (BT Z W)
n
wp —u )

. v — vy) — a(uf, v — ) — by, q) — b(v — vy, pi").
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Finally, when setting V, = (v, 0), we obtain by integration by parts the following residual equation:

YV = (v, q)in Xo(£2) x [2(£2),

(" — up") — (" — ")

a(u” —u", v) + b(v, p" — p") + b(u" —uy", q) +( . . V)
n__ gony _ (=1 _ jon—1
= atu — i, o)+ b — i, q) 4 (I 2R )
4+ (Rp, V—=Vp)+ (R, V=Vp)+ (R, V=V +(F,V—=Vp), (55)
where
n__ an—1
(Rp, V) = Z ( W — o B T aul)(x) - v(x) dx
KeTh K tn
— [ o0 tgradpir o ). (56)
K
n__ gn—1
(Re V)= Y (/K(f,," - % FvAul)x) - v(x)dx
KeTh
1
+ 5 2 | o) i — pimle(r)de
ecgr V€
+ ) f w(7) - (—vdaul + pin)(t)dr + / (divug)(x)q(x)dx), (57)
eesl‘éF ¢ K
®ev) = 3 ([o): (@hmla, + (03, ~ pimio,)r)e
eeé':;'r ¢
+ [ emXe o1, = phlo, )X, (58)
r
Fv) = [ (=g st~ [ wenesl - pheidr (59)
2 Tap

4.2. The reliability of the indicators

Note that the next estimate is optimal: Up to the terms involving the data, the full error is bounded by a constant times
the Hilbertian sum of all indicators.

Theorem 3. Assume that Iz has a positive measure in 9S2f, that Assumption 4 is satisfied, that the datum p, is continuous on
I gp and in the case t, = k = g = 0. Then the following a posteriori error estimate holds between the solution (u", p™) of problem
(21)-(22)-(23) and the solution (u}, pp) of problem (29)-(30)—(31)

n n n—1 n—1 2
" —up)— (U —u )

)

n=0 tn 12(2)
N N
Sy (R Y o)+ Y o pll?
n=0  gerh KeTh n=0 Hao(Tar)
N N
>l = e+ 2w (2 B =)
n=0 n=0

F
KeTon

N
+ )@+ (Y R (60)
n=0 n

Tn+1
eeé‘,f,;r
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Proof. The triangle inequality gives

— -1
(" —ul)— (' —up")

Tn LZ(_Q)d
" —u") — (" —uy" )
< [p" —pi" ||L2((2) + " —ug ”x(m + T "
X(@)
on __ on—1 _ . n—1
a | SO i g + 857 - 8 (o1
X(2)

From (55), the ellipticity property (11) and the inf-sup condition (13), we obtain

(ll" _ uzn) _ (unfl _ u;n—l)
lp" — pi" ”LZ(Q) + [t — ”x(sz) + .
" X(2)
(up" — up) — (uy" ! —u, 1
on n
< i — me) + .
" X(2)
n sup (Rp, V—=Vp) + (Re, V—=Vp) +(Rp,V — Vp) +(F,V —Vp)
VeXo(2)x12(2) IV llx2)x2¢2)
Then, (61) gives

— -1
(" — ) — @ — )
Tn

Hpn - PZ ”LZ(Q) + ”u” - "z ||X(9) +
LZ(_Q)d
1 1
< [ph = b gy + (1 + ;) oy — i [y + o ™" ="y o
(Rp, V=Vp) + (Rp, v —Vp) +(Rp, V= Vp) +(F,V = Vy)

+ sup
VeXo(R2)xL12(£2) ||V||X(:z)xL2(9)
To bound the first and the last terms on the right side of the above inequality, we use estimates (51), (52), (53), (54) and the
expression of the error indicators 771< , and n""" defined respectively in (47), (48) and (49). Then
(" — ) — (@ =)
Ip" - pi ||L2(S2) + [u" —uj ”x(rz) + ™
LZ(_Q)H
1
2
S ( Z 771( ’+ Z 771( ? Z (WZF)2> + Hpa Pah” % "
KeTh KeTh, eceh,l ool Tar)
1
2 2 2
+ ”fn -5 ||L2(.Qp)d + ( Z hic ”fn 5 HLZ(K))
KeTth
1 1 on 1 n—1 on—1
+ ( + ”"h h ”xm) + z ”"h - ”x(m

Multiplying the square of this inéquality by t,, summing over n and using the fact that 7, < 0,7, we deduce

N 2
W' —u)— (u ' — '

w(|p" - pi ”iz(sz) + " —uj ”)2((9) + : T : )

n=0 " 12(2)!
N N
S Z 'L'n( Z + Z 7]1( Z (Uzr)z) + Zfﬂ ”pa pah ”
n=0  gerh KeTh ecelT n=0 00( ap)
+ Z Tn ’fn fh ||L2(Qp @t Z T"( Z h |fn _fhn H;(K))
KeTo,
+ XN:(T + ) ) — (62)
n=0 ! Tn+1 h " X2y

Then the desired estimate follows from (50) and the expression of the indicator n?" defined in (49). O
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4.3. The efficiency of the indicators

We now establish an upper bound for each indicator n,’} , and ner For this we write the residual equation (55) in a
simpler form: For a smooth enough pair V = (v, q),
u' —ut) — un—l _ un—]
a(u”—uﬂ,v)+b(v,p”—pﬁ)+b(u”—uﬁ,q)+<( W= ( h ),v)
Tn
ul — un 1
= o)~ (M) ) ot v) b, )~ bl ).
n

Thus, we derive by integration by parts the following residual equation: For a smooth enough pair V = (v, q),

1
— @ - )
)

n __
aw . )+ b(v. p" — pf) + bl — i+ (L

Tn
= (Rp, V) + (Rp, V) + (R, V) + (F. V), (63)
where
n__ gn—1
(Rp, V) = Z ( iy — % — aup)(x) - v(x)dx
Ke 775] K n
+ 5 Z/ nip}l(r)dr ), (64)
eeSK
(R} V Z f (1) gy + (it] — pim)] g, ) (). (65)

Due to the choice of the discretization, the next estimate is not optimal: Indeed, Darcy equations are not dimensionless and
the variational formulation that we use in order to couple them with the Stokes problem is not appropriate for handling this
difficulty (we refer to [43, Chap. XIII], for a more detailed comparison between the different variational formulations); the
same lack of optimality appears in [44] for the Darcy equations only and in [6, Prop. 5.4], for another type of coupling Darcy
and Stokes problems.

Proposition 6. The following estimate holds for each error indicator ny P defined in (47),K € T ,

(' —up) — (" — )
771< ~ ||" _uh”H(dlv wk) T
n Lz(wl()d
_1
11 = By + 7 =B+ 5 195 = Py o

where wy denotes the union of the elements of 771’;, that share at least an edge (d = 2) or face (d = 3) with K.

Proof. For any domain A contained in £2p, let R(A) denote the right hand-side of (66). We now prove a bound successively
for each of the three terms in n,’}" .
(1) Set

f — ——— —oup)yk onKk,

Vg = Tn
0 on 2\ K,

where ¢ denotes the bubble function on K, equal to the product of the barycentric coordinates associated with the vertices
of K. Inserting v = v and g = 0 in Eq. (63), we obtain

2
u' — un—] 1
n h h n 2 n n
i — T — auy )y 5 Hu — U ”H(div,K) o Il 20y
n 2(kyd
. W —up)— (W —u)
+ ”Pn — Ph ”Lz(K) ||d1VUK||L2(K) + z vk 2y
n LZ(K)d

+ " = 2o Nokllizgs + (PG = Pl 2y 106 - Bl -

Finally, we observe that i take its values in [0, 1] and we use the following inverse inequalities

: -1
and ”dlvaHLZ(K) 5 hK ||vK||L2(K)d .
12(K)d

1
< ok

llvk ||L2(1()d ~
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This leads to

u — un—]
g — < RK). (67)

n
— ouj,
n

L2(K)d

(2) For any e € &g, let K’ denotes the other element of Tn’; containing e. Let also R, denotes the lifting operator from
polynomials on e into polynomials on K, which is built by affine transformation from a fixed lifting operator on the reference
element. We now define v, by

v — Re([pple)¥e  onK UK,
‘o on 2\ (KUK'),

where v/, denotes the bubble function on e. By inserting v = v, and ¢ = 0 in Eq. (63), lead to the estimate
_1
he * [Pl 12y S RICUK). (68)

(3) Finally, for any e € £, we insert v = v, and g = 0 in Eq. (63), with

v — Re(Ph — Pan)¥e  onk,
N onf2\K.

This leads to

_1
he ? |G — Pil 2 < REK). (69)

Combining estimate (67), (68) and (69) leads to the desired result. O

Bounding the n,’}F relies again on the residual equation (63). The arguments are exactly the same as in [45, Prop. 6], for
instance, up to the multiplication by h,;y" and h, ”*. So we skip the proof.

Proposition 7. The following estimate holds for each error indicator n,’}F defined in (48), K € 7jfh,

— -1
(' —up) — (@ —ui )

Tn

WZF < hI;yK( Hun —uy HH](wK)d +

(g )

10" = Pl gy + 1 1 = 2 )
where wy denotes the union of the elements of ’ﬁfh that share at least an edge (d = 2) or face (d = 3) with K.

Due to the lack of homogeneity when coupling Darcy and Stokes equations, the next estimate is not optimal.

Proposition 8. The following estimate holds for each error indicator nZF defined in (49), e € S,f,;r ,

_1 1
+he ? ”pn — DPh ||L2(wg) + he ”fn K ”Lz(we)d
" —ul)— @ —ul )

Tn

net She'ut =iy,

_1

+ he?

)

Lz(we)d

where w, denotes the union of the element of 7,; and the element of 7.} that share e.

P.I" is the edge or face of an element K € 7./, and is contained in the edge or face of an element K’ € 7./
We denote by K’ the element contained in K’ that is constructed from K’ by homothety and translation and such that e is an
edge or face of K’. We now prove a bound successively for each of the two terms in nr.
(1) We insert v = v, and g = 0 in Eq. (63), with

Proof. Eache € &7

. {Re((pzn)mp + (vt — pim)lg, )We  onK UK/,
.=

on2\ (KUK").
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This leads
2

1
((PZ“NQP + (vouuy — PZ")LQF)%Z

5 Hun —u ”LZ(K)d Vel 2y
LZ(e)d

+ ||u” —up ||H1(1'</)d ||ve||H1(k/)d

+ [[p" —ph ”LZ(K) 1vellgi + [|P" — pi HLZ(R’) vl g1y

— -1
(" — ) — @ =)
+ T ||Ue||L2(1<)d
n 2Ky
(un _ un) (un—l uﬁ 1)
+ - ”ve”LZ(f(/)d
n LZ(R/)d
u — un—l
h h
+ fhn - ‘L'i — auﬁ ”UEHLZ(K)d
" 12(kyd
ul — unfl
h h
+ fhn - Ti + VA"Z “ve”LZ(k/)d
n LZ(k/)d

+ I = e 1oz + 1" = £l 2 10e 2 -

Then, by using several inverse inequalities see [46, Sect. 3.1], we obtain

1
|+ 08— Pl | < 1 ([ —
@ —ul)— @ —ul ")

Tn

+ FP" = Pl i 1" = 20 )-

Lz(we)d

(2) Let g be a function in H'(K U K’) such that g = 0 on 3(K U K’). By integration by parts, we obtain

/ (] - mle(o)q(c)dr = f (div(u" — ul))g(x) + (" — ul)x)(gradq)x))d.

e KUK’

When we take

Re([u} -nle)Ye  onK UK,
o on 2\ (KUR)

and using inverse inequalities see [46, Sect. 3.1] we obtain
_% n n n -1 n n
he ” [uh - ||L2(e) N Hu —u ”X(we) + he ”u - ”Lz(we)d .
Combining estimates (70) and (71) leads to the desired result. O
In Propositions 6-8, the estimates are local in space and time, so that it can be thought that the indicators '71< ,

" provide a good tool for adapting the mesh.

5. Adaptivity strategy

(70)

(71)

nF
ng and

As standard, the adaptivity strategy that we use combines three steps, an initialization step, an adaptation step in time

and an adaptation step in space. We fix a positive tolerance n* and present it in dimension d = 2 for simplicity.

Step 1: Initialization

We fix a triangulation 76[;, of £2p and a triangulation 76‘2 of £2r which satisfy Assumptions 2 and 4 and such that the sum

of the errors on the five data which appear in Theorem 3, namely

N

Z Tn ”pa pah H

=0 OO(F )

N

Y [ = 5 g Z (X B = )

=0 =0 F
n n K€7—nh
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is smaller than n*. This last condition is possible for smooth data thanks to the approximation properties of the finite element
spaces involved in the discretization, and we have no applications for non smooth data.

Step 2: Time adaptivity

Assuming that the tlme step 1y, the triangulations 7, P 1pand 7, , and the discrete solution (u (uy™ ", p*h 1y are known, we
first choose T and 7, equal to TP 1.nand TF Lh respectlvely We compute a first solution (uy, p*h) of problem (36) and the
correspondlng error mdlcator n deﬁned in (38) Next,
e if 1, is smaller than n*, we proceed to the spatial adaptivity step;
e if not, we divide 7, by two (or by a constant times 7,/1*) and perform a new computation.
Of course, this step can be iterated a number of times. This leads to the final value of z,.

Step 3: Spatial adaptivity

Assuming that the time step 7, is known and that the triangulations 7, and 7’ are known, we compute the discrete
solution of problem (29)-(30)-(31) corresponding to these triangulations, and the error indicators 771< , ’71< and n""" defined
in (47), (48) and (49).

We denote by 7", ™ and #™" the mean values of the nK , 771< and »"'", respectively.

Next, we perform adaptmty in three substeps, of course taking into account Assumption 2 in all of them:

eAlle € 8,':,1,r (with obvious notation) such that »"" is larger than max{n*, 7"’ } are divided into N equal segments, where
N is proportional to the ratio n?" /max{n*, #""}. This gives rise to a new set e € Sn e

e The triangulation 7./ o is refined and coarsened according to the next criterion: The diameter of a new element contained
in K or containing K is proport10na1 to hy times the ratio 7" /5 . This gives rise to the new triangulation 7, 1he

o First, the elements of &'/} 1. are divided where needed in order that Assumption 4 holds.

Second, a new triangulation on £2p is constructed such that these new edges are edges of the elements of the new
triangulation.

Next, adaptivity is performed exactly as in the previous substep, now depending on the ratios 7™ /77 . This gives rise to
the new triangulation 7,7, ,.

Of course, the adaptation step is iterated either a finite number of times or until the Hilbertian sum of all error indicators,
namely

im( >R+ Y P + S+ 2oy (X o).

n=0 P F n=0 P.I
KeTo, KeTon ecs,

become smaller than n*.
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